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The propagator of two-dimensional Dirac oscillator in the presence of a constant magnetic field is
presented by means of path integrals, where the spin degree-of-freedom is described by odd Grass-
mannian variables and the gauge invariant part of the effective action has the form of the standard
pseudoclassical action given by Berezin and Marinov. Then the path integration is carried out and the
problem is solved exactly. The energy spectrum of the electron and the wave functions are extracted.
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1. Introduction

For a long time, the harmonic oscillator has been
considered as one of the most useful systems in quan-
tum physics. So there are many relativistic generaliza-
tions such as the Dirac oscillator (DO) introduced by
Itd et al. [1] and developed by Moshinsky and Szczepa-
niak [2]. By adding the vector potential (—imwf7),
which is linear in coordinate and carries a matrix f3,
to Dirac equation, the authors have found a relativistic
model, where the nonrelativistic limit reproduces the
usual harmonic oscillator.

This model was, during the last 15 years, the subject
of many papers and has attracted the attention of many
authors. Villalba studied the pure two-dimensional
Dirac oscillator (2DDO) [3]. Later, Villalba and Mag-
giolo computed the energy spectrum of the 2DDO in
the presence of a magnetic field [4]. Also, the problem
of the 2DDO is solved in the presence of Aharonov-
Bohm potential [S]. The Dirac oscillator also has some
applications, especially after its second time introduc-
tion by Moshinsky and Szczepaniak. For example,
Gashimzade and Babaev used this model to express
Kane-type semiconductor quantum dots [6]. However,
in spite of the 2DDO has been much discussed, there
is no well established path integral treatment.

The purpose of this work is to set up a path integra-
tion for the problem of the 2DDO in the presence of a
constant magnetic field. In Section 2 we give a path in-
tegral formulation for the problem in question and we

describe the spin degree-of-freedom by the odd Grass-
mannian variables. In Section 3, after integrating over
odd trajectories, we calculate, exactly, Green’s func-
tion in Cartesian coordinates. Finally, we pass to the
polar coordinates in order to extract the related spec-
trum and wave functions.

2. Path Integral Formulation of 2DDO

The most useful path integral formulation for a rel-
ativistic spinning particle interacting with an external
field is already proposed by Fradkin and Gitman [7].
They have presented the relative propagator according
to the Feynman standard form

/D(path) expiS(path), (1)

where S is a supersymmetric action, which describes at
the same time the external motion and internal one re-
lated to the spin of the particle. However, for the prob-
lem of the 2DDO, that is governed by the Hamiltonian

Hpo = &(P —imopf 7) + Bm, )

it is convenient to rederive a path integral representa-
tion.

Starting from the wave equation that can be written
in the form

[Y* Py +imo 7. 7— m] y (1,7) =0, (3)
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where P, =id, and the y-matrices are given, in (2+1)-
dimension, in terms of Pauli matrices

P =o. 7 =io, o)

we define the propagator of the 2DDO in the presence
of a constant magnetic field as a causal Green’s func-
tion S€ (¢, 7p,14,74) solution of the equation

1 .
Y =10y,

[70P0 -y (ﬁ—eﬁ) +ima)y077.7—m} S (tp, Ppyta,Ta)

= =8 (ty—1a) 8 (Fp—Ta),

®)

where the magnetic field is described by the vector po-
tential

A=y, (6)

that has the two components

B B
Ax = —Ey, Ay = EX. (7)
Then, we present S¢(t,, 7,14, 74) as a matrix element of
an operator S°

SC (tbv?bvtav?a) = <tb7?b‘SC |ta7?a>7 (8)
where
1 1
§ =~ = Ky oo, ©)
K K K.

and the operators K and K_ are given by

O eB \ _ _¢eB
Ke=7P—7v <P1 +5 y) e (Pg > x) 10
+imo(Py'x+ V) £m.

Using properties of Pauli matrices, we get, after some
calculations,

K K, =P>—m? —m*@* (x> +°)

(1D
+ 2m@(Pyy — Pyx) + 2imd y'y?,
where
B
=0+ (12)
2m
Introducing now the relation
[ andile. ) e.71 =1, (13)

we express the propagator S¢(fp,7p,1,4,7,) in the so-
called global projection [8]

Sc (tbv?bvtav?a) - K+ (tbv?b) GC (tbv?bvtav?a) 5 (14)

where the new Green’s function G° (p,7p,14,74), that
we suggest to calculate via path integration, is defined
by

L . .
Gc(tb7rb7ta7ru):<tbarb|—|taara> (15)

K K,

and has to be represented by the Schwinger proper time
method as

o0

G (ty,TpstayTa) =1 dA (tp, 7|
’ (16)
< exp(—iH(A))|ta, Fa),
where the Hamiltonian H (1) is given by
H(A) = A(=P* +m* + m?@*(x* %) an

—2m@(Py — Px) — 2im@y'y?).

The operator K (15, 75) will eliminate the superfluous
states caused by the product K_K .

To present G¢(fy,,Py,t4,7,) by means of a path in-
tegral, we write, in the beginning, exp(—iH(1)) =
[exp(—iH(2)e)]N, with € = 1/N, and we insert
(N — 1) resolutions of identity [ |x) (x|dx = 1 between
all the operators exp (—ieH (1)) . Next, we introduce
N additional integrations [dA;6 (4 — A1) = 1. We
get

o0
Gc(tb,7b,ta,?a) =1 lim d%/dxlde codxyog
0

—00
E—

N
: / dAdAs ... dAy ] el exp (—ieH(A) 1)
k=1
6 (A — A1)

(18)

As € is small, we can write

(xilexp (—ieH (Ak)) [xx—1) & (x| 1 —ieH (Ae) [x—1) ,
(19)

and since the operator H (A) has a symmetric form
with respect to operators X and P, the matrix element
(19) will be expressed in terms of the Weyl symbols
in the middle point £, = (x; +x;—1)/2. In effect, using
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identities [ |px) (pr|dpx = 1 and taking into account The multipliers in (18) are noncommutative due to the
that Y-matrix structure, so that we attribute formally the in-
1 dex k to y-matrices, and we introduce the T-product
(x| per) = 3 e'Pi (20)  which acts on y-matrices. Then, using the integral rep-

(27) resentation for the §-functions

the matrix element in (19) can be written in the form

5@k_h_nzi%/émwfaqmm, (22)

dpx N T g o . . - o
(271:)3 €Xpy1 Pe—g— ~ (M Fp) | €0+ it is possible to gather all the multipliers, entering in
(18), in one exponent and the Green’s function G¢ can
be expressed as follows:

- 1
G (tp, Ppyta, V) :’]I‘/ dﬁo/Dx/Dp/D)L/Dﬂ: exp{i/ dt [QL (pz—mz—mz(b2 (x2+y2))
0 0

+A2m® (pry — pyx) + A2ma Y'Y + pi+ ﬂ:ﬂt] }

2

(23)

To insert the y-matrices by means of paths we introduce in the beginning an odd sources p* (Grassmannian
variable):

o 1
G (tp,Pp,ta, V) :/ d%/Dx/Dp/D?L/Dﬂ:exp{i/ dr[l(pz—mz—mzd)z(xz—i-yz))

& &
+A2m@(pyy — pyx) + px+ A+ A2md — pT 5p2} } Texp/ T)ydt

(24)

)

p=0

and we present the quantity Texp fol (1) ydt via a path integral over Grassmannian odd trajectories [7, 8]:

o ! e
Texp/ p(t Ydf—exp< >/ Dwexp{/ dt [y g —2i puyt | +yu (1) y* (0 } (25)
00H 0)+y(1)=0 0 [ K u ] w(1)y*(0)

where the measure Dy is given by
—1

1
Dy =Dy [/ Dl//exp{/ Wy lj/’“‘dTH ) (26)
v(0)+w(1)=0 0

and 6*and y* are odd variables, anticommuting with y-matrices. Finally, Green’s function G is presented in
the Hamiltonian path integral representation

G (tp,Py,ta,Fq) = €Xp <1y‘lw)/ dﬁo/Dx/Dp/Dl/Dﬂ:/ eDy/exp{ / d’c[?tp —Am?

27)

— Am*®* (% + ) + 2Am@(pyy — pyx) + px+ TA — iy, YH +iA8md ull 1/12] +yu ()t (0)} .
6=0

We notice that, integrating over momenta and separating the gauge-fixing term mtA and the boundary term
wyu (1) w* (0), we obtain the supergauge invariant action [9, 10]

= / {—— +m®(yx — xy) — iy y* +iA8mad y' 1//2} dr, (28)
where the supersymmetric transformation is given by
1
ot =iy%e , Sy* = Hx“e. (29)

In the next section, we give an exact calculation of Green’s function G (7,24, 7).
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3. The Green’s Function

Having shown how to formulate the problem of the 2DDO plus a magnetic field in the framework of Feynman
path integrals, let us now go to the calculation of Green’s function G€. First, we integrate over @, A,xp and py.

We obtain
c - - ~ dE —iE(tp—1q)
G 1y, TyvtarF) = [ A1 [ S2e E0 ) X F(2) G (530330, ), (30)
where the function Gg is given only in terms of bosonic trajectories
1
GE(Xp, Vb3 Xay Yas A) = /Dny/Dprpyexp {1/ dr[A (E? —m?) — Ap? — ),pi —Am*®*(x* +?)
0
(3D
+2Am@(pxy — pyx) + pi+ pyy] }
and the factor F (1) is given by
. al ! il v n
F) e (52 ) [ Dyexp{ [ [y ~4Fu iy dr+ yu (Y 0) | (32)
W(0)+W(1):e 0 0=0
Here, the tensor F is defined by Fj» = —F;; = m® (all other elements are 0) and has to be understood as a

matrix with lines marked by the first contravariant indices and with columns marked by the second covariant

indices.

In order to calculate F(A) we change, in the first stage, the integration variables from y to &, where

0

1

and the new variables £ obey the following boundary conditions:

E(0)+& (1) =0.

The factor F(A) will be then given through the Grassmann-Gaussian integral

F(A)=exp <i?’“%) GXP(—AFMVG’JGV)/Df GXP{/OI Efué“—AFuvéufv_ZAFuveuév}df}

that can be computed to be

FA)= det? (cosh2AF)exp <i %

(36)
- [1—AByy6"6"]

0=0

where the tensor B, that is understood as a matrix, is
given by (see [11])

1
B= 7 tanh2AF.

From the definition of the tensor F},y, it is easy to show

37

(33)
(34)
, (35)
0=0
that
F\2
cosh2AF =1+ (—_) (I —cos2Amd) (38)
mao
and
B= e tan2Am@®. (39)
We then get
F(A) = cos (2mwA) +iy"sin 2mwA.)
1+s9° (40)

- X

s==x1

exp (is2mwA) .
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Thus, Green’s function G° (t,,75,14,7,) can be expressed only through a bosonic path integral over the space
coordinate and their corresponding momenta:

dE _. 1 1
GE(ty, Py ta,Ta) = EeﬂE(rb ) +SVO d/l/Dny/Dprpyexp{i/O dt {/I(EZ_mz)
711

(41)
_ Api —Ap2— AmE@ (¥ +y2) + 2Am@d(pyy — PyX) + puk + pyy+ lZsma)} }

Having succeeded to do integration over Grassmannian variables, let us now integrate over even (bosonic)
trajectories. In the first stage, we integrate over momenta. The equation (31) becomes

%) %)
GE (Xp, Y3 XasYas A) = expid (Ez—mz)/DnyeXp{ / df[:l y/1+mw(yx xy)]} (42)

The last path integral has a quadratic action and, consequently, is integrable. The result is

mao .-
3 exp [—im® (Xayp — YaXp))

; A) = iA(E>—m?) ——————
gE (-xbayb XasYa ) exp1 ( m )27rsm(2md)l

ma@ (43)

exp {lm ((xb _xa)z + (yb _ya)2> } .

4. Energy Spectrum and Wave Functions

In order to obtain the wave functions and their corresponding energies, we must express Green’s function
G(tp,7p,14,74) in polar coordinates (x = rcos ¥, y = rsin ). This passage from Cartesian coordinates to polar
ones may be done with the help of the formula

+oo

exp <—i&rf)cosm6)> = Z I (L’%r_a) elkA?, (44)

2tan(2m@dA = isin(2m@A)

We get

1+s}/)

Gty Ftara) = Y /2 T expilE(ty 1)+ k(0 — 00
s==+1

17L 7)n2+2ma)k+2smw) meryry
da — -
/ sin(2m@A) T isin(2mdA

_ (45)
)> exp [i?(ri + 1) cot(2mdA) | .

Using now the Hille-Hardy formula [12]

—a/2 o 47 (x+y)
g [ ) (BT < F e g 4o

1—r 2 1—r¢ 1—r¢ =TI (n+a+1

—i4Am®

and taking? =e ,X= md)rg, y= md)r% and o = |k|, we obtain a spectral decomposition of Green’s function

G° (tba?batua?a):

GE (1, s o ) ;1“7022/ dx/—explx — &) expilk(D — Ba) — Ety — 12)] .

n! 2.2
I . 2 () @ |k\L‘k| or L‘kl dr
F(n+|k\—|—1)e (m rarb) n (m ra) n (m rb)?
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where £ = &, ¢ is given by

Enks = \/m2+2mrb[2n+ 1 —s+ k| —k]. (48)

The quantity % (1 —|—sy0) can be written in a product
form of a spinor u and it’s conjugate i:

1+sy0 _

= Uslg,
2

49)
where

(1) = (o)
Us=—1 = 1) Us=11 = 0)

Then, by integration over A we get the spectral decom-
position of Green’s function:

(50)

G* (tba?bataa?a) =

Zzz/dE(Pnls tb»rb)(Pnls(tavra) (51)
T T =0 —&+ie ’
where

Pus (1.7) = ue 00, 4 (1) (52)

and the functions ¢),;(r) are the radial part of
wave functions relative to the nonrelativistic two-
dimensional radial harmonic oscillator

Oui(r) =Coxe ”3”’2( m(Dr) L"“( @r2) (53)
with
n!
Cop=4| ————. 54
TN T (n+ |k +1) o4
Integrating over E, we obtain
Gc(tbv?bvtav?a): Z
e=*t1s==%1
(55)

ll/nk v(tb)rb)l//nk v(tmra)

) ZC’

k=—con=

where O (x) is the Heaviside step function and

lIjrf.k,s (tv?) = use_iggteikﬁ d)n.k(r)'

Now we must determine the Dirac oscillator states by
acting the operator Ky on the functions v, (¢,7):

(56)

=NK; ¢f ks (t,7), 57

nks

where N is a normalization constant.

Writing K in the form

K+—y0<i%>+m
Y iy —119( 0

=+ li +1ma)r> (58)

2 Jr  rod
Y -ir (0 190 .

the spinors y¢_, ; and w¢__ | will be then written as

!Peks +1 =
(eE+m)ek?

ara—ielt (59)
iNe <_ei(k1)19 (% n é +m(1)r)) Oni(r),

€ —
qln.k,s:—l -
yor

We—ie& <_
elk? (—e€+m)

Using the differential formulas of the functions ¢, x(r)
(see Appendix), we obtain, finally, our solutions that
can be classified as follows:

(i) If k is a positive integer, we have

i(k+1)9 Q_k_ @ (60)
€ (3 m r)) ().

qlne,k,s:Jrl =
iNe €€ ( (E€+m)e g, 4(r) ) (61)
=200 /m@d(n+k)dpi—1(r))’
lan,k,szfl =
iNeie€t (2 md(n+k+1)eld+Dog, 0y (r)) (62)
(—€E+m)eik? @, 4 (r) '

(ii) If k has a negative value, the two spinors w{__ |,
vy | will be given by

!Peks +1=
weieg,( (EE+m)e’? @i (r) ) (63)
2V mnei k=94, 1 411(r))’
lIln‘?k,szfl =
Ne—ie&r <—2 m@(n+ 1)ei<k+1)ﬂ¢n+17k1(r)) (64)
(—eE+m)er? g, 4 (r) '

Let us remark that our spinors are expressed in a
fixed Cartesian representation and the passage to the
diagonal (rotating) representation, that is used in [3]
and [4], can be done by means of the following trans-
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formation:
Phiag = V/7S(0) "W, (65)
where
19 1
S(@®)=exp|—57'7 ). (66)

5. Conclusion

We have solved the problem of the 2D Dirac oscil-
lator in the presence of a constant magnetic field by
using the Feynman-Beresin path integrals. In the first
stage we have given a pseudoclassical action path in-
tegral, where we have described the spin degrees-of-
freedom by fermionic variables (Grassmannian vari-
ables). Then, the integration over odd trajectories has
been done easily and the exact Green’s function is cal-
culated in Cartesian coordinates. The passage to the
polar coordinates permits to extract the energy spec-
trum of the electron and the corresponding wave func-
tions.

It is obvious that this path integral treatment has two
advantages: the first one is to determine the relative
Green’s function which leads to the good comprehen-
sion of the quantum behavior of this system, and the
second one is that the spinors that we extract from the
spectral decomposition of Green’s function have sim-
ple forms which make them suitable for variational cal-
culations of physical quantities.

In conclusion, the list of solvable relativistic prob-
lems in (2+1)-dimension by using path integrals has
been extended to the Dirac oscillator in the presence of
a magnetic field. Let us remark that the problem of the
three-dimensional DO is under consideration.
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